ABSTRACT. It is shown, that in the ring F Q [I] of generalized polynomials with several indeterminates from the set I over the field F and with rational exponents, each two elements have a greatest common divisor. On the other hand, this ring is Bezout only if I = ∅ or I is a singleton.
where supp f = r(1), . . . , r(n) (the real numbers r(i) are mutually different). The symbol z is called an indeterminate. If supp f = ∅, then we write f = 0 and the polynomial f is called the zero polynomial.
In [2] , the set R from Definition 0.1 is replaced by the set C of complex numbers (the exponents of indeterminate z are complex numbers) or, more generally, by a (commutative) torsion-free group G (with an additional assumption on the ordering of elements) involving the additive groups R and C. A mapping f from G to F with finite support is called a generalized polynomial over the group G and the field F , the set of all such generalized polynomials is denoted (G, F ) [z] and, in the usual way, the operations + and · are defined on (G, F ) [z] .
The following proposition was proved for the case of real exponents by Karásek [1, 4.2] and for the general case in [2] .
ÈÖÓÔÓ× Ø ÓÒ 0.2º (G, F )[z], +, · is an integral domain.
For G being the additive group Q (the exponents of generalized polynomials are rational numbers) the following property was shown [1, 4. The purpose of our paper is to study the algebra (V, F )[z] with two binary operations + and · where V is a vector space over the field Q of rational numbers. The elements of (V, F )[z] are mappings from V to F with finite support and the operations + and · are defined in the usual way. An element p ∈ (V, F )[z] is called a generalized polynomial over the vector space V and the field F . We will use the identification as in the case of V = R. If V = 0 is the zero space, then we identify (V, F )[z] with the field F .
This case involves the integral domains (R, F )[z] and (C, F ) [z] . We show that these integral domains are isomorphic, (V, F )[z] is an integral domain and has GCD-property, which means that each two elements from this ring have a greatest common divisor. Further, it will be shown that the integral domain (V, F )[z] is Bezout if and only if dim V ≤ 1.
REALIZATION AND GCD-EXISTENCE THEOREM FOR GENERALIZED POLYNOMIALS
The tool for the investigation of the arithmetic of (V, of the groups G, V respectively, over the ring R where R is the field F . In this article we prefer the terminology of polynomials which is more customary in technical applications and gives clearer imagination in this case.
Generalized polynomials in several indeterminates
Ò Ø ÓÒ 1.1º Suppose that I is a nonempty set, M = M(I) is the system of all mappings from I to the set Q with finite support and F Q [I] is the system of all mappings from M to the field F with finite support as well.
An element x from the set I is called an indeterminate, a mapping ϕ ∈ M is called a monomial, and f ∈ F Q [I] will be called a generalized polynomial in indeterminates I (over the field F ). A mapping o ∈ F Q [I] is said to be a zero (generalized ) polynomial if supp o = ∅. This mapping o will be denotes 0 as well.
Ò Ø ÓÒ 1.2º Let I be a nonempty set. For f, g ∈ F Q [I] we define a mapping s from M to Q as follows:
Obviously, s has a finite support, hence s ∈ F Q [I] and we put f + g = s.
for each x ∈ I.
LADISLAV SKULA
Clearly, π is a mapping from I to Q with finite support, thus π ∈ M. Denoting ϕ · ψ = ϕψ = π, · is an operation on M such that (M, ·) is a commutative group with the identity ε, where ε(x) = 0 for each x ∈ I.
For f, g ∈ F Q [I], let p be the mapping from M to Q defined as follows: 
P r o o f. We will prove only associativity, since the other ring laws are easy to see. Suppose that the commutativity for multiplication has been proved and let
We have
Since the operation of multiplication is commutative, we get
This concludes the proof.
REALIZATION AND GCD-EXISTENCE THEOREM FOR GENERALIZED POLYNOMIALS
Á ÒØ Ø ÓÒ 1.4º Let I be a nonempty set,
we identify the monomial ϕ with the expression
This expression does not depend on the ordering of x i . We will also write
Again, this expression does not depend on the ordering of α j . The notion of the ring F Q [I] can be extended to the case I = ∅. We put
For the monomials, we introduce the same lexicographic ordering as in case of the monomials in the ring of "ordinary" polynomials and, in the same way, we can prove the following theorem: 
(Some v(l)'s may be equal and some u l 's may be equal to zero; the identifications and the operations are performed as usual.) Put
Observe that the the expressionχ(p) is independent of the previous form. Then it is easy to see thatχ is a bijection from (V, F )[z] onto F Q [I] preserving the sum.
LADISLAV SKULA
We show that the mappingχ preserves the product.
This completes the proof of Theorem 1.6.
ÓÖÓÐÐ ÖÝ 1.7º The integral domains (R, F )[z] and (C, F )[z] are isomorphic.
Using ht f , lt f for f ∈ F Q [I], f = o meaning the highest, lowest term, respectively, defined in the same way as for ordinary polynomials and the property 
GCD-Property of the ring F Q [I]
AEÓØ Ø ÓÒ 2.1º In this paper a ring will designate an integral domain. If R is a ring and a, b ∈ R, then a | R b means that the element a divides the element b in the ring R. A greatest common divisor (GCD) of the elements a, b ∈ R in the ring R is determinated uniquely up to a multiple of a unit of R. Thus we will denote it by (a, b) R without danger of misunderstanding.
REALIZATION AND GCD-EXISTENCE THEOREM FOR GENERALIZED POLYNOMIALS
The group of units of the ring R will be denoted U (R) and the semigroup of nonzero elements of R by R * .
Ò Ø ÓÒ 2.2º
We say that a ring R has the GCD-property or R is a gcd-domain if, for each a, b ∈ R, there exists their greatest common divisor (a, b) R . (More details on gcd-domains are mentioned in [3] .)
The aim of this section is to show that the ring of generalized polynomials F Q [I] in indeterminates I has the GCD-property.
Ä ÑÑ 2.3º Let R be a subring of a ring S with the property:
Then, for s ∈ S , ε, η ∈ U (S ), ϕ ∈ R with εs, ηs ∈ R and ηs | Ì ÓÖ Ñ 2.4º Let R be a subring of a ring S with the following properties:
Then the following implications are valid: 
Clearly,f is a mapping from M(I) to F with finite support and f →f is an isomorphic embedding from Intuitively: the elements of F Q [J] can be expressed as
where N ∈ N, t i ∈ F , α i ∈ M(I) and the exponents of the indeterminates from I − J are zeros.
We chose a linear ordering ≥ on this set such that x 1 > x 2 > · · · > x n and consider the relevant lexicographic ordering of the monomials of g, h, f . The generalized polynomials g, h can be expressed as follows:
where ht, lt are the highest, lowest terms, respectively, defined in the same way as in the case of "ordinary" polynomials. If z ∈ {x 1 , . . . , x n } − J, we can choose the linear ordering ≥ for these indeterminates in such a way that z = x 1 .
We get
Repeating this process for each x i / ∈ J, and using 1.8, we get the proposition. 
(b) If δ = (f, g) S , then there exists ε ∈ U (S ) with εδ ∈ R and εδ = (f, g) R .
Bezout ring
In this section we will present the conditions for the ring of generalized polynomials F Q [I] to be Bezout. Remind that a ring R is Bezout if each finitely generated ideal of the ring R is principal, which is equivalent to the condition that R has the GCD-property, and for each f, g ∈ R, there exist u, v ∈ R such that fu + gv = (f, g) R .
In the classical case of the ring R = F [x, y] of ordinary polynomials with two indeterminates x, y over the field F , the polynomials f = f (x, y) = x and g = g(x, y) = y are used as an example to show that there do not exist u = u(x, y), v = v(x, y) ∈ R with the property fu + gv = (f, g) R = 1 R .
In the case of the ring F Q [I] of generalized polynomials, we cannot use the above mentioned polynomials f and g because they are units and f ·x −1 +g·0 = 1, which is a greatest common divisor of f and g in the ring F Q [I]. (Provided x, y ∈ I.) Therefore, for our purpose, we will make use of other polynomials. 
Similarly, there exists b ∈ Q and u ∈ F * such that u. 
ÈÖÓÔÓ× Ø ÓÒ

